A GENERAL METHOD OF SUMMING
PROGRESSIONS *

Leonhard Euler

§1 In the last year I propounded a method to sum innumerable progressions,
which method not only extends to series having algebraic sums but also
exhibits sums depending on quadratures of curves, i.e. such which can not be
summed algebraically. Then I used a synthetic method; for, having assumed
general series I have been looking for series whose sums could be expressed
by these formulas. And this way I obtained many general series whose sum I
had been able to assign. Therefore, having propounded a progression which is
to be summed it was necessary to compare it to those formulas and to decide
whether it is contained in one of them. But I could have multiplied the number
of the general series to infinity and therefore more often I encountered many
series which, even though they are not comprehended in the given general
ones, could nevertheless be summed by that method. Therefore, to find the
sum of any arbitrary propounded series, if it is possible, of course, more easily
and more quickly, I will explain a method here by which from the nature of
the series the summatory term can be found. It extends very far; for, it not
only teaches to find the sums of all the series whose sums have already been
found in so many different ways but also those of infinitely many others by a
similar and easy operation.

§2 If it would be as simple given the general term to find the summatory term
as the general term from the summatory one, this would be an immense help
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in the summation of series. Certainly an equation between the summatory
term and the general term can be given, but since it consists of infinitely
many terms, from it we will not get a lot of help. But nevertheless, hence an
extraordinary method to exhibit the sum of algebraic expressions results. Let
the general term or the one whose exponent is 1 in the progression be t and
let the summatory term or the sum of all terms from the first to t be = s; it
will be

t—ﬁ— dds N d3s B ds
- 1-2-3dn3 1-2-3-4dn*

tc.
ldn 1-2dn? + etc.,

in which equation dn is put constant. But this equation can be transformed
into this one

2 5d3
s:/tdn+0ct+'wt+’2d+d3+ etc.,

in which the coefficients «, B, 7y etc. have the following values:

L1
=3
® 1
P=2 " &
_B e 1
=57 6 T
_r_ B« 1
‘5—2 6 21 120
_6_ v B _ 1
=37 % T2 120 720
etc.
But it will be
s—/tdn—kz—i— dt — at >t — etc
- 2 " 12dn  720dn3 ' 30240dn5 ‘

Therefore, as often as t has a value of such kind that the series yielding s either
terminates at some point or becomes summable, then s will be found from



t by means of this equation. That indeed happens, if ¢ is a rational algebraic
function of n and furthermore, if it is a fraction, if n just does not enter the
denominator. For the sake of an example, let

t =n®+2n;

it will be

dt = 2ndn +2dn, ddt =2dn®, d°t=0 etc.

Therefore, it will be

2 3 2 3 2

’ n+2n 2n+2 n° 3n° 7n 2n°+9n°+7n

= 2 = — _— _——=
s /(n+n)dn+ T Tt 5t <

§3 But the method I will present here works in such a way that by certain
operations the propounded progression is reduced either to another simpler
one, which can be summed, or to itself again; for, in each of both cases the
sum of the propounded progression will become known. The operations,
I use in these transformations, are either ordinary, as addition, subtraction
etc., or taken from higher analysis, as differentiation or integration. They are
certainly not only useful for such series whose summation is already known
and can be assigned algebraically. Indeed, by them also sums depending on
the quadratures of curves, i.e. sums of progressions having non-algebraic
sums, are found. But all series this method can be accommodated to contain a
geometric progression and have a form of this kind

ax® 4 Bx a2 x| ete,

This is not an obstruction for any progression to be contained in this form.

§4 To start from the simplest cases, let this geometric progression be pro-
pounded

X+ Pan + xot2b + xA+3b I xa+(n71)b/

in which the last the term is the one whose index is n; and in the following
it is always to be noted that the last term is the one whose index is n, that it
is not necessary to write the index next to it; and hence I will always exhibit



the sum up to the term with the index n. Put the sum of the propounded
progression s; it will be

s=x"+ Pan + xo+2b NI xu+(n—1)b/_

then it will be

g — x — xotb + xo+2b NI xa—i—(n—l)b’_

add x"*" to both sides and divide by x?; it will result

s — x@ + xatnb _
T:xu_{_xa—&—b_{_‘”_'_xu—i-(n Db _ o
Therefore, we will have

s — x* + xu—l—nb — be’

from which one finds

X — xa+nb

ST

which is the sum of the propounded geometric progression. Therefore, this is
an example in which the propounded progression is transformed into itself. If

x was a fraction smaller than 1 and 7 is an infinitely large number, it will be
x* = 0 and

XA
S = —
1—xb

will give of the geometric progression

P +xa+b +xa+2b + etc.

continued to infinity. If x = 1, it is plain that s = n; this is indeed less apparent
from the equation

X — xa+nb

ST

since the numerator and the denominator vanish. To find the value in this
case, put x = 1 — w while w denotes an infinitely small quantity; it will be



X"=1-aw, *¥"=1—(a+nb)w and x’=1-bw.

And hence

_ nbw
S = w =M.
It is also clear, if the general term of the series was ax® (=1t that the
summatory term will be

ax? — axa+nb
1—xb

§5 Now let this progression be propounded

x* 4+ 2y tD + 3xa+2b 4t nqur(nfl)h,

whose sum shall be put s. It will be

g — x@ = DxAtb + 3xa+2b 4t nanr(nfl)h;

add the following term (1 + 1)x**""* and divide by x?; it will be

xb
Subtract the first series, i.e. the propounded one, from this series; it will result

— zxﬂ + 3xﬂ+h + - _|_ (n + 1)xa+(n71)b‘

[ xa+nb

b
s —x%+ (Tl + 1)xa+n Cs=x"4 xa+b + xa+2b 4o xa+(n—l)b — )
xb 1—xb

From this one finds

Xt — (Tl + 1)xa+nb N xa+b . xa+(n+l)b _ X — (Tl + 1)xa+nb + nxa+(n+l)b
1—xb (1—xb)2 (1— xb)2

X — qurnb nanrnb

T A=) 1-—x
which is the summatory term corresponding to the general term nx®+(*=1Db_1f
it was x < 1 and one puts x = oo, the sum of the propounded series continued
to infinity will result




xa
(1 —xb)2

But if x = 1, the sum of the following progression must result

14+24+3+4+ - +n

but here the same difficulty as before arises, i.e. that the numerator and
denominator vanish; therefore, again I put x = 1 — w; it will be

1—x? = bw,

_ 2
xazl_aw+M,
2
$H 21— (a4 nb)ew + (a+nb)(a+nb—1)w?
2

and

(a+n+1)b)(a+ (n+1)b—1)w?
2

O — 1 (a4 (n41)b)w +
and

2b2w? - 2

Furthermore, if the general term is fnx**("~1?, the summatory term will be

(n?b? + nb*)w?>  n(n+1)

ﬁxa _ ‘Bxu-i-nb ‘ana—&-nb
T (1—xb)2 1 —xb

§6 In like manner, one will find the summatory terms, if the general terms
are

2 a+(n—-1)b n3xat(n=1)b

n-x , etc.;

for, the summation is always reduced to the summation of the series of lower
degree. From this it is understood that this way in general one can find the
summatory term corresponding to the general term

(& 4 Bn + yn? + etc.)x*H =P,



But I do not spend more time on doing this, since they are already well-
known. I just mentioned these things, that the power of the method becomes
clear through ordinary operations. Therefore, I proceed and will investigate
which series can be summed by means of differentiation and integration. First
certainly only the algebraic progressions just treated are summed and sums
not differing from the ones already given are found; but nevertheless, the
invention by means of these operations seems to be easier and shorter. For
this reason I start from them again.

§7 Therefore, let this progression to be summed

x+2x2 +3x° +4xt + - 4 nxy
put it = s, divide by x and multiply by dx; it will be

d
% = dx + 2xdx + 3x%dx + - - - + nx" ldx

and having taken integrals one has

d _ an1
ﬂ:x+x2+x3+...+x”:x *
X 1—x

Therefore, from the equation

sdx  x—x"tl

x  1—x

7

after having differentiated it, one will find s. For, it will be

sdx _ dx — (n+1)x"dx + nx""dx
B (1-x)? '

whence it results

x — (n+1)x" 4 a1
(1—x)? '

as before in § 5, if one writes 1 instead of a and b there.

S

From this it can be understood how the sum of the progression

ax® 4 (a+b)x¥P + (a4 2b)x" 2P ... 4 (a4 (n — 1)b)x* 1~ DP



is to be found. For, put this sum in question s and multiply by x"dy; it will be

xnsdy _ axuz—i-ﬂdy + (11 + b)xa+ﬁ+ﬂdy 4+t (,1 + (1’1 _ 1)b)x“+(n_1)ﬁ+ndy.
Now let

a+B+m _ o a+b—1,
- 7

X" =y" and «x

Y
it will be

P =y’ and x=y"f
And hence it will be

atm _ o (at+m)b:p a1

x Yy Y
Therefore, it will be
_ pa—ab—p
= b
and
xvc+(n71)ﬁ+7r — ya+(n71)b71‘

Having put these it will be

xﬁa—z;bfﬁsdy _ a]/aild]/ + (Ll + b)qurhfldy 44 (a + (1’1 _ 1)b>ya+(nfl)b71dy

and having taken integrals
: b
/beb—ﬁsdy:ya_*_ya—l-b_'__“_'_yu-&-(n—l)b _ yal__]/:/zn.

But since yb = xP, it will be

y= xf  and dy = §x$dx
and having substituted these
ap aB+nbp
ﬁ ,Ba—gb—b Xb —Xx b
[ dx =
b X sdx T



The same equation can be found more easily without changing the variable x
this way. Multiply the propounded progression by px”dx; it will be
px"sdx = pax*tdx 4 - -4 p(a+ (n — 1)b)x*TTUEHT gy,

Determine p and 7t in such a way that

a+(n-1)B+m=pla+mn-1)>b) -1

or

a+mn+mn—1)B=ap+ (n—1)bp—1.

From this, since p and 7 cannot depend on 1, two equations result

B=bp and a+m=ap—1,

whence
_B _ap—ab—b
=5 and 7= -

Having substituted these and taken integrals, as before, it will result

ap ap+nbp
b

ﬁ ap—ab—b ap aB+bp ap+(n—1)bg xXb — X
Sl x v o sdx=xv +x b 4---4x F =
b 1—xpP

§8 Let the term of order n of the propounded progression be

(an + b)(cn + e)x* 1= VP;

but the summatory term of this progression s; it will be

s=(a+b)(c+e)x*+ (2a+Db)(2c+e)x* P ... 4 (an+b)(cn +e)x*+—1E;

multiply it by px"dx; it will be

psx”dx = p(a+b)(c+ e)?f“"dx + -+ plan+b)(cn + e)xoc+(n71)ﬂ+7rdx.

Let



pen+pe=a+np—p+m+1;

it must be

g

p== and 7=

e+ Bc—ac—c
. :
Therefore, having taken integrals it will be

‘f/x”sdx = (a+ b)x““TH +oo 4 (an + b)x“+(”*1)ﬁ+”+1_

Multiply by gx°dx again; it will be

gqxpdx / Xsdx = q(a+b)x* P dx o g(an + )t DB gy

and let

ang+bg=a+np—B+m+p+2;

hence it will be

p

g="F and p:ﬁb—zxa—f—ﬁa—rm—Za:,Bbc—ac—ﬁae'

a ac

And having taken integrals it will result

AXFTTHP+2 _ gatnfttp+2

2
fc/xpdx/x”sdx _ A2 e (-1t

1—xP
or this equation
+b +b+
ﬁz Bbc—Bae—ac Be+pc—ac—c x‘B(aa ) — xﬁ(ﬂ a ) Blatb) 1 — xnﬁ
—/x ac dx/x < sdx = =x a —,
ac 1=xP 1—xP

In like manner, the operation is to be done, if more than two factors appeared
in the general term, from which it is clear at the same time that as many
integral signs result as there are factors in the general term.

10



§9 If the general term of the progression which is to be summed was

x“+(”71).5
an+Db

the operation differs from the first only in that regard that here one must do
by differentiation what had to be done by taking integrals there. Therefore, let
the summatory term in question be s; it will be

7

XX N N xa+(n=1)p
S = “ e -
a+b an+Db
and
_ pxzx—i-n pxa+(n—l)/3+7r
PYs =" T an +b

Take the differentials; it will result

p(a+ 71)x* 7 1dx p(a+np — B+ m)xt (D1 gy

nd ﬂ*ld —
pxds +pratsdx a+b o an + p
Let
pa+ pnp —pp+ prt =an+b;
it will be
p:; and n:ﬁ—a—i—bf.
Therefore,

axB-+ L ds 4 (ap — an + b[ﬂ)xﬁ‘”%ﬁ‘lsdx _ e
Bdx B

nap+bp—a
a

+x

aprbp—a 1 — x"P
a

=Y 9T

or

a4 aB—aa+bp ap+bp—a 1— x”ﬁ
—x 4 §= / x @ dx
1—xP

p

11



or

ax—ap—bp ap+bp—a . 1 — x"P
s = éx a / X dx .
a 1—xP
In this formula the integral must be taken in such a way that it vanishes for
x = 0. If the sum of the propounded series continued to infinity is desired, it
will be n = co and
ap+bB—a

ﬁ an—af—bp / X }SJFIIIS dx

—x _.

a 1—xP
If x = 1, in the expression of the sum s, since there are differentials in it, one
can not set x = 1, but after the integration let x = 1. But nevertheless it does
not matter which numbers are substituted for « and ; therefore, leta = = 1.
It will be

S =

s—i%—#%— +1—1/xbdx1_xn
a+b 2a+b na+b gyl 1—x"

And after the integration x must become = 1. As I had found in the dissertati-
on on summations cited initially.

§10 Let a progression be propounded whose term of order n is

xn
(an+Db)(cn+e)’
(n—1)

here I only assume x™ instead of x** F so for the sake of brevity as since
this power can easily transformed into that one. Let the summatory term be s;
it will be

i pat] pa
PO @ nere) T antb)(enve)
and hence
d.(px™s) _ p(m+Dx™  p(rtn)xm!
dx (a+b)(c+e) (an+b)(cn+e)
Let

prt+pn =an+b;

12



it will be

b
= d = —.
p=a and m=_

Therefore, one has

ad <x§s> X2 xo4n-1
= 4+t .
dx c+e cn+e
Multiply by px™ again; it will be
apx”d (x§s> B px§+n N px§+n+7rfl
dx  c+e cn+e

And hence it results

apd (xﬂd (x%s)) _ p (g + n) yo+m-1 e p (% a4 T— 1) x};+n+n—2.

dx? c+e cn+e

Let

pb
?%—pn—l—pn—p:cn—i—e;

it will be

b
p=c and T=1-2-+°%
a ¢

Having substituted these this equation will emerge
acd (xk%*%d (x§s>> . . L1 — "
—xed o fxetntTl e 7

dx? 1—x"

Take the integrals again; it will be

b e b
acxt—ated (xﬁs)
dx

and hence

13



b_e e Al b oyl
1 b_e_1q e 1_x71 XEiEfXdell_x —fxﬂdxll_x
— /xrf dx/xzdx = 2 x.
acxa

S =

T—x (bc — ae)xi

Here the case is to be noted in which bc = ae and in which s = g. But
according to the first form it will be

1 dx b 1 —x"
s = b/—/xudx ,
acxas /X I—x

which is changed into this one

_ log x [ xadxl=" — [ xadx1=2log x

acxe
This case occurs, if the denominators (an + b)(cn + e) are squares or certain
multiples of these. If x = 1, this substitution, as before, must happen just after
the integration in the quantities having integral signs in front of them, but in
the finite ones one can put x = 1 immediately. Therefore, it will be

€ b 1—x"
J <Xc — xa) dx=

bc — ae

s =

From this it is clear, if x¢ — x¢ can be divided by 1 — x, that the sum of the
progression is algebraic. But in the case in which bc = ae it will be logx = 0,
if x = 1, of course. Therefore, it will be

—X

b _
[ xadxi=*logx
s=— .
ac

§11 In like manner, it is understood, if n has three or more dimensions in
the denominator, how the sum must be found, such that it not necessary to
illustrate the operation in more examples. Let this progression be propounded,
whose general term is

(an+b)(cn+e)(fn+g)’

let its sum be s. This progression treated in the same way as in the preceding
§ after two differentiations will give (§ 9)

14



take integrals; it will be

b_e b
acfx'~a—cd (xﬁs)

L e 8 1 g 1—x"
= c f f
dx /x dx/x ax 1—x
and again
e e_s S ]._ n
acfxis = /x%_?ldx/xf j 1dx/xfdx _3;
and hence

1 e e_& S 1 — x"
s = ; /x%’?’ldx/xc ; 1le/xﬁdx ay
acfxa 1—x

That not more integral signs are written after each other, this form can be
transformed into the following

_& 8 b b n
1—x" —£ € g, 1=x" -2 2 3. 1—x
. fx 7 [ xrdxi ex e [xedx i ax~ o [ xedx L

(bf —ag)(ef —cg) ' (bc—ae)(cg —ef) | (ae— be)(ag —bf)"

From this it is clear at the same time, if there were more factors in the general
term, which form the sum will have. For, let the general term be

xl’l
(an+b)(cn+e)(fn+g)(hn+ k)’

the summatory term will be

1 e e_s __ 8§_k_ 1 —x"
s = D /x%’fldx/xc f 1clx/ac? B 1dx/x%dx al
acfhxa T—x

B ax— e fx%alxll’_’;1 cxT e fxfdxll’_’f
~ (ae — bc)(ag — bf)(ak — bh) + (bc —ae)(cg —ef)(ck —eh)
fx_fg‘ fx%dxll’_’g: hx fx%dxll%’f

T of —ag)(ef —cg) (fk—gh) (bl — ak)(eh — ck)(gh — fK)’

15



If the sum is desired in the case x = 1, for the general term

1
(an +b)(en+e)(fn+g)

the summatory term will be

[ dxi= ((aef — bcf)xg + (bef — acg)xe + (acg — aef)xg>
(ae —bc)(ag —bf)(cg — ef)

Therefore, as often as the quantity multiplied by dx1=%" can be divided by

S =

1—x
1 — x, the propounded progression will have an algebraic sum. This happens,
if g —Zand ¢ — ¢ are integer numbers. Furthermore, it is also to be noted that

all progressions of this kind either are summable algebraically or depend on
either real or imaginary logarithms and no other quadrature of this kind can
be expressed by a progression of this kind.

§12 But since it is difficult to accommodate these formulas to those in which
the factors of the denominators are equal, it will be convenient to consider
them here separately. Therefore, let the general term of the progression which
is to be summed be

le

(an +b)3

and the summatory term s; it will be

1 dx [ dx b 1 —x"
5= b/—/—/xadx ,
By ) X X 1—x

which follows from § 11, where ¢ = f = a and e = ¢ = b; this form if
transformed goes over into this one

B L(logx)? [ xidx’= —logx [xidxlogx = + 1 [ xidxl=X" (log x)*

b
adxa

But if the general term was

(an +b)*’

16



it will be

n _

__J; —3(logx)2fx%alxlogxl1 —

(logx)? [ xrdx 11

__yh A
+3logxfx§dx(logx)2% — fx%dx(logx)3%

S =

6atxs
From this it is clear, how the value of s looks for the remaining powers ; for,
generally, if the general term is

xl’l
(an+ b)m’
the sum will be
1—x" -1 1—x"
(logx)mflfx%dx 1 _J; — ml (logx)mfzfxgdxlogx 1 _x

+m—l m—2
1 2

n
(log x)™=3 [ xadx(log x)? 17x — etc.

1-2:3--(m—1)amxi

These values become a lot simpler if one puts x = 1; for, it will be log x = 0.

For, to the general term (an +b)2 this summatory term corresponds

fxadxlogx =
1a? ’

to the general term (aanﬁ this

[ xhdx (log1)* 1=
1-243
— this

and to the general term ansoym +b)

Jxidx (log 1)" T 12" [ xidx (log 1) =2

X

17



which integrals must be taken in such a way that for x = 0 the whole sum
vanishes; but then one must set x = 1 and the resulting quantity will be the
true sum. Further, note, if the sum of the progression continued to infinity is

desired, that one just has to write - instead of 1=%- everywhere.

§13 Two classes of progressions have already been treated, the first of which
had the general term Ax", the other ’%, where A denotes an algebraic quantity
consisting of n and constants, nevertheless in such a way that n has only
positive integer exponents. From this a third class originates having the
general term %, where A and B denote algebraic quantities of the same
kind. Such a progression is reduced to the geometric progression by cancelling
the numerator A by means of integration and the denominator B by means
of differentiation, as it was done in each of them treated separately. Let the

general term of the progression that is to be summed be

(an + B)x"
an+b '
put the summatory term s; it will be
_ (a+p)x (an + )x"
T atb Tt +b
Multiply this equation by px™; it will be
r, _ plat )™t o plan B)x"T
pris = a+b Tt an+b

take the differentials; it will be

p(r+1)(a+ B)x™dx 4y p(n+ ) (an +,B)x”+”‘1dx‘

7T —
pd(x"s) = a+b an+b !
let
pn+pm =an+b;
it will be
b

p=a and 7= p

Therefore,

18



ad (xgs) = (a+B)xidx+ -+ (an+ B)xa T Ldx.
Multiply by px™ again; it will be
T b by by rn—1
apx d(xus) =pla+B)xadx+ -+ plan+ B)xa dx.

Take integrals; one will have

op [ (xis) = LB aplan pe
P ~ b+anm+a b+am+an
Let
axpn +apb = an +amr + b;
it will be

and =

RN

Therefore, since

a B_b b B B g1 —x"
7/xu a (xas) :xu+1+--.—|—xa+”:xoc+1 .
x 1—x

From this equation it results

X

b_B praq_
[ xa ad<xa 11_—"">
s = .

b
axa
If the general term was

(an+ B) (1 + §)x"
an+b
and its summatory term is put s, having done the same operations it will
result

g/ngg (x%s) = (’y+5)x§+1+---+('yn—|—5)x§+”;

multiply by px™ again and take integrals; it will result

19



QS

; <xk B ap('y—i—é)xg*”“ ap('yn+5)x§+”+”+1

%/x"dx/xg_ as
« - Btam+2a B+am+an+a
Let
aypn +adp =« + B+« + an;
it will be
1 )
p=— and ﬂ:——é—l
Y Y o«
Therefore,
a s_f_ E_b +1 A Y e
— [ x7 @ dx/xu ad(xas)—xw + +xr"" = x7
ay 1—x
Therefore,

But I do not spend time on the summation of progressions of this kind any
longer; for, it suffices to have given the method by which they can all be
summed. Nevertheless, what I said in § 11 stills hold, of course, that all
progressions of this kind either can be summed algebraically or the sum
depends on either real or imaginary logarithms.

§14 Now I proceed to another kind of progressions whose general terms can
not be expressed algebraically, but which extend to the class of hypergeometric
series, a series of this kind is

(a+B)x+(a+B)Ra+B)x*+ -+ (a +B)(2a + B) - - - (an + B)x".

Put its sum s and multiply by px™; it will be

pxs = p(a+B)x™ T + -+ plat+B)(2a+B) - (an+ B)x"t"

20



and the integral of this multiplied by dx

p/x"sdx = W+—W+. _ pla+p)(2n+p)(Ba+p)- - (an+p)x"
T+2 n+m+1 :
Let
Pﬂén+p5:n+n—|—1;
it will be

whence it results

o [ s = < (@ ) (2 B) 20 ) (a(n 1) + )

Divide by x5+1; one will have

i xilsdx

B
tXthJrl

—l=(a+B)x+ -+ (a+p)Ra+p) - (a(n—1)+p)x" L.

This is the propounded progression truncated by the last term. Therefore, it
will be

i xilsdx

B
(XXa-H

—l=s—(a+B)2a+p) - (an+ B)x" =s — Ax".

But I explained forms of this kind in a finite expression in another already
read dissertation on general terms of transcendental progressions, from which,
if somebody wants to, one can take a finite value for A. Therefore, it will be

B_ 4 B 4
/x'x lsdy = axe ™!+ axetlsg — g Axat7™Hl

and

X lsdy = (a + ,B)xgdx + (& + ﬁ)xgsdx ks — (a + B+ zxn)Angr”dx

21



or

sdx = (a + B)xdx + (a + B)xsdx + ax?dx — (« + B+ an) Ax"ldx.

From this equation the found value of s will give the sum of the propounded
progression. It can also happen that the factors in the following term are
not only increased by one but by two or more. Let always two factors enter
additionally that this progression results

(a+B)x+ (a+B)(2a+ B)(Ba+ B)x* + - -
+(a+B)2a+pB) - (a(2n—1) + B)x™.

Call its sum s, it will be

ro _ platp)arr? pla+pB)2a+p) - (w(2n —1) + )x"+7Ht
p/dex_rr—Jrz+"'+ n+m+1 ‘
Let

2pan —pa+pp=n+m+1;

it will be
1 B — 3«
p= o and = 2zx'
Hence
f (S
X 2 sdx pta -
Ton =xun +---F+(a+p)Ra+p) - (a(2n —2) + p)x 2= .
And again
p f x”dxfxﬁ%;asdx B Zan%Jr” 2ap(a+B)--- (a(2n —2) + ﬁ)xn+n+ﬁ%
2 ~ B+3a+2am B+ &+ 2an + 2am '
Let

4pa’n — dpa® 4 2pap = 2an 4+ 2u7 + o + B;
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it will be

B—2« a+p 3
20 20 2

p= % and =
as a logical consequence
fx_%dxfx%dx 1
da2xh: p
— @+ Bxto (@t B)a+ ) (1(2n=3) + p)x" T =5 — AY
having put

A= (a+pB)2a+p)--(a(2n—1) + B).

From this equation s becomes known.

§15 In like manner, the operation has to be done, if in the coefficient of the
following term three or more new factors enter additionally. About this it is
to be noted that always as many integral signs are connected to each other in
the resulting equation, as there are factors by which each following term is
increased. So, the sum s of the progression

(a+B)x -+ +(a+p)- - (a(3n—2) +p)x"

will be determined from this equation

fx*%dxfx*%dxfx%sdx 1
2703x 5 B(B—«)

=s—(a+p) - (a(B3n—2)+ B)x".

From this, that one can make the induction to the following cases, it is to be
noted that W is the term before the first of the propounded progression
or the one whose index is 0. If the factors, which are multiplied by the power
of x, do not constitute an arithmetic progression, but another progression of
higher order, the operation must be done similarly; for the sake of an example

let the propounded progression be

(@+B)(y+0)x+---+(a+p)(2a+p) - (an+p)(v+6)2y+6)--- (yn+8)x";
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put its sum s; it will be

/X"sdx: plat+p)(y+0)x™2 platp)---(antp)(y+0) - (yntd)x"
P 7T+ 2 n+m+1
Put

pyn+pé=n+mn+1;

it will be
p:l and 7'(:5_77-
0% Y
Therefore,
S sd
y o+ 7
Hv”:(aﬂ%)xv”+---+(zx+ﬁ>---<zxn+ﬁ><v+5)---<v<n—1>+5>x"“-

Further, it will be
S—y
p [x™dx [ x 7 sdx

v
sy o

nﬂh
e DT aplat ) (@ B 0) 1) 4
42y +my T+ Ty +o+ 7

Let

payn+ppy=yn+mny+o+;
it will be

and =

KR

é—é—l— By —ad — ay
i N ay '
Therefore,

By—ad—ay

fdexfx‘s%dx
ay
= x5 (@ B) e (= 1)+ B) (Y +6) - (y(n— 1)+ E)xh
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As a logical consequence
By—ad—ay o=y
Jx T dx [x 0 sdx

Bta
ayx @

—1=s5— ABx"

while

A=(a+pB)---(an+B) and B=(y+06)---(yn+9).
This is the case, if the general term of the progression which defines the factors
is
(an+B)(yn+06) or ayn®+ (ad+ By)n + po.

Therefore, this form contains all progressions of second order. But the above
formula, from which s is defined, is transformed into this one

g B—a
X7 sdx X & sdx
/ / s = 1+s— ABx".

(By—ad)x' (a8 —pr)x's

From this the form of the following ones can be understood more easily.

§16 I will now consider the reciprocals of these series, in which the powers
of x are divided by that by which they were multiplied before. Therefore, let
the series to be summed be this one

X x2 X3

arp (arp2atp)  (atp)---Gatp

xl’l

(a+B) - (an+p)’

put is sum s. It will be

pd(x7s) _ p(r+1)x™  p(r+2)x p( + m)xt-l

dx a+ B (oc+,8)(204—|—[3)+“.+(a+[3)---(zxn+,5)'

Let

pn+pm =an+ B;
it will be
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2™

p=a and =

Therefore, it will be

ad <x§s) s xEH xE4n-1
Ix By (YR  YFOSH) B P GG ey

and therefore

having, as before, put

A= (a+p) - (an+p).

This equation expanded will give

B Ba B B by
axeds + Bx « sdx = xedx + xasdx — 1
which divided by xi1 goes over into
n+1d
axds 4 Bsdx = xdx + xsdx — ad " ad

or

Psdx  sdx _ dx  x"dx

d .
s+ ox o o Ax

Multiply this equation by c_%xg, where c is the number whose hyperbolic
logarithm is 1; it will become integrable and it will result

and

26



Therefore, the sum of this progression continued to infinity will be

%Cgﬁﬁ ,/C%xgdx = B(B—a)(p—2a) - -ackx+
—1+f—w_..._5(5—?”“"_

X«
If B =0, the sum will be

If B = «, the sum will be

20%ca 1 20 2042

x2 x o x?
and so forth. From this it is understood that, as often as 8 is a multiple of «,
that the sum of the series can be exhibited by a finite and integrated expression.
But if g becomes a fraction, the found integral formula cannot be assigned.

§17 Let each term increase by two factors; one will have this progression

2 3

x?’l

(@+p)--(a2n=1)+B)

X + X 4 X 1.
atp (a+p)---Gatp) (a+p)--(5atp)

-+

Put its sum s; it will be

pd(x7s) _ p(n+ V¥ p(m+2)amH p 4+ m)x 1

dx a+pB (a+ﬁ)---(3zx—|—,3)+ +(uc—|—ﬁ)-~(o¢(2n—1)—|—,3)'
Let

prt+pn = 2an —a+f;
it will be
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p—u

p=2x and =

20 '
therefore,
2ud (x%s) b x% xﬁ;jﬂch
— L =x7% + +e gt '
dx (a4 B)(2a + B) (a+B)- - (a(2n—2) +B)
And again

2apd (x”d (xﬁz%“s»

dx?
_p(B-at Z“N)x“;%wr R p(B — 3a + 2an + 2an)x%+"+ﬂ |
20 20(a+p)(2a+B) - (a(2n—2) + B)
Let
pB — 3pa + 2pan + 2part = 4a’n — 44> + 2ap;
it will be

1
p =2« and 7(:5

Hence it results

4ad (x%d (x%aS)) B-2u i 4n
= ﬁxT —|— o o _|_
d,x2 (“+,B)(“(2n_3)+18)
B
—2a —2u 20
= IBX% + xﬁTS _ X n

(@+p)---(a2n=1)+B)
In like manner, the operation is to be done, if each term increases by several
factors in the denominator. But it is sufficiently clear, if the progression
constituting the factors of the denominator, was not an arithmetic one, but
algebraic of higher order, how one then has to get to the equation from
which the sum is determined. Of course, each factor is to be resolved into
simple factors, as it was done in § 15 where the general term of factors is
(an + B)(yn + 6), which contains all equations of second order. But not even
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this is necessary, if it pleases to operate as follows. For the sake of an example,
let this progression be propounded

3 4

AT + ;
171.7"71.7.17 7171731 1.7 (2n2-1)’

put its sum s; it will be

pd (x7s) _ oo plrmyertn
g P Dy
And again
pd (xfd (x7's)) aro1 , plrtn)(n+m+p—1)xmrte—2
dxz —p(n+1)(7r+p)x + + 1,7,_,(2712_1) :
Let

pn? + 2pmn + ppn — pn + pr* + prp — prw = 2n® — 1;
it will be

p=2, 4n+20-2=0 or p=1-2m1

and

1
2% =—~1 or 7r=\/; and p=1-V2

Hence one will have

2d (xl_ﬂd (ﬁs)) . -
dx? 1-7---(2n2 —4n+1)
= x%E + x%E s — ! .
1.7 (2n2—1)

On the other hand the sum of this series continued to infinity will be found
from this equation

(2— Z\fZ)x_‘/Ed (x\/gs> +2x1"V244 (x\/g)

=2- Z\fZ)x%ﬁdxds + (V2 - Z)chzgﬁsdx2 +2x* 2 dds + 2v/2x ¥ duxds
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+(1-— \/E)xfzgﬁsdx2

=2 =2 =2 2-v2 2-4/2
=x 2 dx*+x 2 sdx®> =2x 2 dsdx —x~ 2 sdx®>+2x 2 dds
or

2
2xdds — &d; + 2dsdx = dx® + sdx?,

from which equation all irrationalities vanished.

§18 If the factors of the denominators constitute a progression of powers,
I will investigate the sums of the progression this way. For the sake of an
example, let
x x2 4y x'" '
(@+p)?  (a+p)?(2a+p)? (w+p)2- - (na+p)*

put the sum s; it will be

pd (x7s)  p(m+1)x" T p(m+n)xtm=t

dx  (a+p)? (a4 B)2--- (na+ p)?’

let
pt+pn =an+B;
it will be
p=a and = g.

Therefore,

ad <xas) & xE+n-1

dx :zx-l—ﬁJr” (a+p)2---(na+p)

Further,

p(B+am+an— a)x§+ﬂ+n72
w(a+B)2--- (an+pB)

apd (x”d (xgs» (B _i_(xn—)ngrnfl
dx? N a(a+ )

Let
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pan + pB + par — pa = a’n + ap,

therefore,

Hence

(@ +p)?---(a(n =1) +B)
= x¥ 4 x¥ <s - x ) .
(a4 B (an + B2
And the sum of the progression continued to infinity will be determined from

the equation
a?d (xd (xgs))

B
xwdx?

Similarly, if the factors were cubes, the sum of the progression

=1+s.

X x2

@t+p? T @t pratpy

s will be found from this equation

oot (o4 (14))

And so forth for the following.

+ etc. to infinity

=1+s.

§19 Now let the coefficients of the powers of x be fractions, whose numera-
tors and denominators are products consisting of a certain number of factors
increasing for each index. So, let this progression be propounded

a+b  (a+b)(2a+b) , (a+b)(2a+b)(3a+b)

B T patrp T WPt pGatp)

put its sum s; it will be
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p/x sdx = __plath) X2t p(a+b)---(an+D) el

(T+2)(a+pB) (m+n+1)(a+p) - (an+ )
Let
apn +bp =nmn+n+1;
it will be
p:% and n:b;a
and hence
[xTsdx X +..'+(a+b)‘--(a(n—l)+b) by
a Ca+B (a+B) - (an+pB) '
And again
pd (x”fxb%asdx)
adx
p(b+a+am) v, . p(b+an+am)(a+b)---(a(n—1)+b) v, in
— xa _|_+ Xa .
a(a+ p) a(a+p)--- (an+ p)
Let
bp 4+ apn +apm = aan + af;
it will be

p=a and 7=

R ™
QS

whence it will be

ad <x§*% fxbu;”sdx)
adx
(a+b)-(aln—1)+b) o, ﬁ( (a+b)---(an +b) >
X« +xa|s— x|,
(@ +p)---(a(n—1)+p) (@+p)--(an+p)
From this equation one can determine s. If the sum of the propounded
progression continued to infinity is desired is desired, it will be

2>

B
:xa—|—...+

=X

32



or into this one

B ab b-a Qb bra | b
- X asdx+ —xas=xa +x 4 8.
a a a

This equation differentiated gives

b+ axgdx—l—x%ds + b jz_ ax%sdx,

b —a b b
<§ — 122) besdx+ %x%ds—l— %X%de =

which is reduced to this one

p

a

b+a
a

b+a

sdx + %xds = xdx + x?ds + xsdx

or

Bsdx — (b+a)xsdx  (b+a)xdx
ds + > = 5
ax — ax ax — ax

Multiply this equation by

Bdx—(b+a)xdx
TELEE ey o

b_B
wx-+ax2 or by X a—aTl

(a0 — ax)

7

it will be

and

Therefore, the sum can be assigned algebraically, if either g or
positive integer number.
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§20 If the progression was composited from coefficients of x of this kind and
algebraic ones, first the algebraic coefficients must be cancelled by differentia-
tion and integration, as it was done there, and the the resulting progression
must be treated in the way explained here. For the sake of an example, let this
progression be propounded

Ix  3x? 5x3 (2n —1)x"

R e S

1 1-2 1-2-3 1-2-3---n

put its sum s; it will be

1- px7I+2 (21’1 _ 1>px7r+n+1
T = —_— DEEIEY
p/x de_(n—|—2)1+ (t+n+1)1-2-3---n
Let
2np—p=mn+n+1;
it will be

Multiply by x2; it will be

x%fx*%sdx_x+x2+ L x
2 1 1.2 1-2-3 1-2-3---n’
therefore,
d(x%fx_%sdx) N 2 - -1
2dx 112 1-2-3---(n—1)
14+ x%fx_%sdx x"
N 2 1-2-3---n’
from which equation s will be found. But it will be
fx_%sdx LS5 1 x%fx_%sdx x"
Ayt 2x 2 1-2:3---n
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Putl1-2-3---n = A; further, it will be

25 4x"th
(1—2x)/x’%sdx=4x%——f— r
x2 A
On the other hand, the sum of the propounded progression if continued to
infinity will be defined from this equation

/ x_%sdx = 74x—25
S (1-2x0)Vx

which differentiated gives

sdx  2xdx +4xxdx + sdx — 6sxdx — 2xds + 4x2ds
x/x (1 —2x)2x+/x
or
xdx + 2x2dx — sxdx — 2sx*dx — xds + 2x%ds = 0,

which is reduced to this one

sdx(1+2x)  dx(1+2x)
1-2x  1-2x °

ds +

—X

This multiplied by ;-

becomes integrable; but it results

c%s _/c"dx(l—i—Zx)_ c 1
1—-2x (1-2x)2  1-2x
and hence
s=1-c*"(1-2x).
Hence if x = %, it will be s = 1. And hence
1= ! + 5 + > + 4 + etc. to inf
1.2 1-2-4 1-2-4-8 1-2-3-4-16 ' ’

§21 From these explanations it is clear to which progressions which are to
be summed the method explained in this dissertation extends: Of course, to
all those progressions, which are comprehended by the general term ?—Sx"‘”*ﬁ,
where A and B denote terms of order n of any algebraic progressions, and
P is a product of yn + ¢ terms of an arbitrary progression, and likewise Q

35



is a similar product of en + { terms of another algebraic progression. But in
total, the sums of progressions will be found in the three explained ways. For,
either a completely algebraic sum results, or a certain quadrature is assigned
on which the sum depends. Or thirdly, an equation is found whose variable
quantities s and x can not be separated from each other at all, that it is not
known whether the progression has an algebraic sum or on the quadrature of
which curve it depends. But although this method extends so far, nevertheless
innumerable progressions not summable by it can occur, whose sums can
certainly either not be assigned by any other method, as this one

(U P .
377715 -1

or whose sums are even known, as this one

1—I—1%-1-I—i—i—i—i—i—i—etc
3 7 8 15 24 26 '
while the general term is aal—_l, in which 2 and « denote any integer number
except 1, whose sum Goldbach proved to be = 1. But since its general terms
purposely given this way can not be exhbited, it is not surprising that it can

not be summed by this method.
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